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1 Manifold and Bundle

Recall that a differentiable manifold of dimension n is nothing other than a family of open
sets {U,} together with homeomorphisms ¢, : U, = R, i.e. locally Euclidean, such that there
exist diffeomorphisms ¢, (U, NUp) = ¢(U, NUp) for each pair of «, B.

A vector field on a local chart is a map X,(—) : U, — TU,. Since that TU, = U, x R",

it can be expressed via the coordinate as

1 (z)
XOé(x) = {8?7 T 763}
on(x)
g . L. o
for x € U,, where 07 := 50 is the abbreviation. We denote the coordination of X, by
2
1 (z)
Vo(x) = : € R". Therefore on U, N Up a vector field X has two coordinate expression
()
w.r.t each chart that should be identical:
Pf () e
X(x)z{@f,,@,‘f} :{816,785}
en(@) (@)
Recall that 92 = -2 —iaxf O theret
eca at 0f = o —j:1 o ax]@, erefore
¢l (w) Pf () o 7 ()
{815’785} :{8?7787?} :{afa765}[ax]] :
:E? nxn
(@) en(@) h(@)

where j stands for the row and ¢ the column. We derive that

-
vilo) = | S5 | v
_:U'

1 dnXn

as well as
_ 3:15?'
Ya(T) = Vs(x).

B
_axi dnxn

If we view the coefficients as observables, it is noteworthy that in different chart we have

different result. However, we have already known that each pair of results differs only by a



transition matrix. In physics we call the phenomenon as locality, which means a family of map

{thg : Uy — R¥} satistying [t (2)]kx1 = [9ap(@)]kxk[¥s(2)]kx1 for x € U, N Ug. We call g,p(z)
as transition function. In fact the {¢, : U, — R*} defined above is a section of a vector
bundle with the transition functions {gas : U, N Uz — Rk}. We make a formal definition as

follows.

Definition 1.1. A wvector bundle of rank k over a smooth manifold M is a triple (E = M)

satisfying that

o there exists a local trivialization (M = U,)

E|v, - U, x R¥

~

Ua

« moreover, the trivialization is a linear isomorphism at each fibre Yo |p, —rx—1(2) @ £z —

{x} x Rk,

Remark 1.2. [t is easy to realize a local trivialization on a bundle. In fact, we can choose

a local frame s$,--- sy : Uy — Ely, such that {s(z)} is a basis of E,. Therefore, for each
e € B, =span{s{, -, sy}, we have the expression
wi(e)
62{8?<€),--- 755(6)} )
wi(e)

and the trivialization is hence realized as

When x € U, N Up, we have two local frames {s{'}, {Sf} Similarly we have

{S(lx($), T ,S‘,:(ZL’)} = {S’f(il?), T 73k6($)}ga5($)’

where gop(—) : Uo NUz = GL(k,R), as well as



When x € U, NUg N U, we can find out that

ga6<x>gﬂ'y(x) - ga'y(x)‘
We call it the 1-cocycle condition for transition functions.

Remark 1.3. Reconstruction Theorem. Given the data of local trivializations as well as tran-
sition functions, we can reconstruct the bundle up to an isomorphism, i.e.

L, Ua x RE
(:L‘,U)B ~ ($7gaﬁ<$)v)a‘

I

E

Iad

Here by bundle isomorphism E, = Ey we mean a diffeomorphism v : By ~ Ey such that the

diagram

E1 Z > EQ
k/‘ A
M

commutes as well as it is a fiberwisely linear isomorphism.
Definition 1.4. A section is a map s : M — E such that mo s = id.

In local trivialization, a section s is corresponding to the family {¢, : U, — R*} satisfying

() = gap(®)ps(2)-

We denote the space of sections as
I'(E)={s: M — E|ros=rtidy}.

Remark 1.5. I'(E) could admit several completion such as L*-section or L2-section, where L},

s Sobolev norm.
And we make X(M) =T'(T'M) into a module over C*(M).
Definition 1.6. A connection(covariant derivative) is a map
V:X(M)xT'(E)—>T(E): (X,s)— Vxs
satisfying
1. C®(M)-linear in X: Vyxs = fVxs for f € C*(M);

2. R-linear in s;



3. Leibniz rule: Vx(fs) = X(f)s+ fVxs.

Example 1.7. Trivial bundle € its trivial connection. We call a bundle with the form E =
M x R¥ q trivial bundle. FEvery section s € T(E) = C®(M,RF) is a RF-value function.

Therefore we can define a so-called trivial connection as follows
S1 X81
V(X ) e
Sk )(S;C

Example 1.8. [t is not generally true that there is a trivial connection for any bundle in the

following sense:

Ui (z) Xyt (x)
ve P X(Uy) x C°(Uy, R¥) = C®°(Uy, RF) - (X, = ¢ |) = Xy = :

Vi () Xy (x)

Vtri

In fact, by the transition function for x € U, N Us we have ¢° = g,pb®. Take derivative we
have X¢P = gos X0 and by the Leibniz rule we derive Xg,s = 0. We can conclude that V'
exists if and only if gop s locally constant on U, NUg. That is, if gop were not locally constant,

then these local trivial connection would not define a connection on E.

Since trivial connections are not always defined a global connection, we may wonder that

Question: Is the space of connection empty?

No. Via the partition of unity {p, : U, — R} with >, po(x) = 1 for x € M, we can define
Vxs=23,X(pas), which is indeed a global connection.



2 Endomorphism Bundle Valued 1-Form

Last time we have known that the space of connections is not empty. In fact,

Proposition 2.1. The space of connections < is an affine space modelled on Q'(M,End E).

By affine space we mean that for a fixed Ay € & we have & = Ay + Q'(M,End E), in other
words, A — Ag € QY(M,End E) for all A € .

Today we are going to explain in detail what Q'(M,End E), a space of a vector bundle
valued 1-form, is.

What is a 1-form? The space of 1-forms is the cotangent bundle Q'(M) = T'(M,T*M).
We have known that on U, the sections of tangent bundle X(U,) = I'(TU,) admits a local
frame {0, -+ ,05}. We then take its dual frame {dz¢,--- ,dz;} such that dzf(9F) = d;;. So

a 1-form is locally an element in the vector space span{dz¢,--- ,dz%} = Q(U,).
Recall that Q°(U,) = C>(U,) and that Q°(U,) -& QYU,) : f — df = ¥, %dx?.
Therefore on U, N Ug we have
def = 3" &ci da?.
o 0]

5
Denoting h.s = [gia] , we derive that
7 14j

{daf, - ,dan} - hap = {d;,pf7 . ,dxg},

where h,g is the transition matrix for 1-forms.

B
sz

Remark 2.2. If gos = [8x?:| is the transition matriz for (T M), i.e. {0F, - ,00} - gap =
]

{97, , 0%}, then we can easily see that hap = G-

What is a vector bundle valued 1-form? We denote the space of such 1-forms as

QYM, E). Locally we have E|y, = U, x R* where the isomorphism is w.r.t. a local frame
wy
{s1,-++,sr}. Hence mutatis mutandis a vector bundle valued 1-form is locally w* = | : | €

W

QY(M,RF), where w € QY(M,R), with transition function g.5 € GL(k,R) s.t. w® = gag - W°.
(Nota bene. This time g,s is the transition matrix for £ instead for I'(T'M).)

To conclude, QY (M, E) = {(wa € QY (U,, R¥)), 1 w* = gapw?}. We can define QF(M, E)

following the above fashion.



What is an endomorphism bundle End £? Naturally we have End F = ||, End F,.
Since there holds E, = R* w.r.t. alocal frame {s,--- , s;} on U,, we have End E, = M, (R) =
gl (R) as a fibre. That is, on U, we have End E|y, = U, x gl,(R). We only need to find out

the transition function.

Remark 2.3. gl (R) is the Lie algebra of GL(k,R), with Lie bracket defined as [A, B] =
AB — BA for A,B € gl .(R). Firstly gl,(R) is isomorphism as vector space to Ty GL(k,R).
Indeed, since GL(k,R) is an open subset of My(R), it has the same tangent space as latter’s:
T; GL(k,R) = My(R). Then we can view Ty GL(k,R) as the left invariant vector fields of
GL(E,R). In fact, let £4,&p be the left invariant vector fields generated by A, B € Ty GL(k, R),

we have [£4,&p] = &a,8)-

Notice that End E, = E* ® E,, taking the dual frame {t',--- ,t*} such that t/(s;) = &7,
there holds End F, = span{s; ® #/}. A section ¢ € U, has an expression as

ta

€= (st s} |ag]
tk:

«

Let’s denote the matrix [aé} as A*. When ¢ € U, N Ug, we have

ty th te

52{8(11"'.78%}1406 :{sf’...7S£}Aﬂ :{3?,"',32}9051459;51 ,

th th tk

that is,
a _ B,—1 _ B
A - gCXﬁA gaﬁ == Adg;[;l A 5

where Adg;é U, NUzg — GL(gl,(R)) : 2 — (A — gaﬁ(x)Ag(;ﬁl(:p)) is our desired transition
function for End E.

D(M,End E) = {(A : Uy — gly R)a : A% = Ad - A% on U, N Ug}.
Therefore,

Q' (M,End E) = {(wa € Q' (Ua, 8lg(R)))a : Wa = gapwagaz on Uy NUs}.



3 The Space of Connections, Principal Bundles

Today we are going to prove the proposition we stated before.

Proposition 3.1 (Restatement.). The space of connections </ is an affine space modelled on

OY(M,End E).

Proof. 1. The local expression of a connection. Recall that

V: X(M)x T'(E)— TI(E)
( X, s)—  Vxs.

On U,, we have E|y, = U, x R* w.rt. alocal frame {oy,--- ,04}. Along with U, = R"

w.r.t. {01, - ,0,}, we have

n

k
X:ZXZ&, Szzij'j.
j=1

=1

By simple calculation,

(0
VXs:Zn:XiVai({Uh-w,ak} 1)
- Ui

(0 Oih

:zn:Xi (Vodon o) | 1| +{on- o0 |

- " Dute

Denoting Vs, {01, -+ ,01} = {01, -+ ,0k}A;, where A; € GL(k,R), we can define the

so-called local connection 1-form as
A=Adx; € Ql(Uaa gl (R)),

therefore

V{oi, -+ oxt ={o1, -, 01} A

Noticing that V¢ = 0;¢ = d(0;), we can write

Vs = {017' T aUk}A¢+ {017' o 7O-k}dq/]a

or,

V=A+d



2. The transition function of a connection. Remember that on U, N Uz we have

{09, 00} gas = {0V, -+ 0L }. And from the above result we have known that
V{O‘?, T ’UI?} = {0-(117 T 70-1(3}"4@7 V{va T 70—5} = {Ulﬂv T 705}"46'
Therefore, on the one hand

Vil o} = V({of. -+ .07 }gas)

- (V{O-la7 T 70_13})9015 + {0-(117 T ,O'?}Vgag

= {0?7 e ’Jg}AagaB + {0?7 ce ,U?}dgag.
On the other hand,

{O-fa t ’O-lg}AIB - {0?7 T 702}gaﬂA6‘
To sum up, we derive that
gaﬁAﬂ = Aagoz,é’ + dgaﬁa

i.e.

AB - g;BIAagozﬂ + ggﬁldgaﬂu
or,

A = 9o APl — dgas - goj-

We call the last formula local gauge transformation law.

3. Relationship between 2 connections. Suppose we have two connections Ag, A; with

their local connection 1-forms {A§}, {Af}. On U, N Us, obviously,
Af =AY = Ady (A5 — AD).

This implies that
{(A§ — AT € Q' (Uas gli(R)))a }

defines a global section of T*M ® End E, i.e. the End E valued 1-form.

We are going to look at an example of what we later will call a principal bundle.
Given a vector bundle E over M of rank k, we define the frame bundle as a fibre bundle

Fran, (E) — M, where Frgr, (E) = Ugen{frames of E,} = Uyen Frow, (Ex).



At each fibre, Frgy, (E.) = {bases of E,} admits a free transitive right action on GL(k, R),
which means for some frame o(x) = {o1(x), - ,01(z)} € Frar, (Ez), we have Frgr, (E.) =
o(x) - GL(k,R), as well as do(x) : o(x) g =0(r) = g=1.

Since E|y, = U, x R¥, the trivialization of the frame bundle is realized as
erLk(E‘Ua) = Ua X GL(]{Z, R)
Similarly we can define

Definition 3.2. A principal G-bundle P over a manifold M is a local trivializable fibre
bundle such that each fibre admits a free transitive right G-action. We require G to be a Lie

group. We call G the structure group of P.
Example 3.3. Frgy, (E) — M is a principal GL(k,R)-bundle.

Example 3.4. If we equip the frame bundle with a fiberwise inner product, making it into a Eu-
clidean vector bundle, then U{orthonormal bases of E,} = Frou(E) — M is a principal

O(k)-bundle.
Remark 3.5. The structure group of Frar,(E) can be reduced to O(k), but not to SO(k).

Example 3.6. Moreover, if I is orientable, then U{ oriented orthonormal bases of E,} = Frsow)(E) —
M is a principal SO(k)-bundle.

Definition 3.7. Given a principal G-bundle P and a linear representation of G on a vector
space V = RF
p:G— GL(V) = GL(k,R),

then there exists an assoctated vector bundle

PxV

Pl = (p.v)~(p-97" p(g) - v)

An adjoint bundle is defined as
ad P =P X,q 9,

where ad : G — GL(g) : g — ad,, where we let expady(h) = gexp(h)g™.

Example 3.8. End £ = ad Frgr, (E).
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4 Connection on Principal Bundle, Curvature
Recall that a connection on a bundle & — M consists of local connection 1-forms
{A% € Q' (Vs gl R)}
satisfying the local gauge transformation law
A% = ady,, A” — dgas - gos-

Moreover, the space of connections is an affine space modelled on Q!(M, End E).
In fact, we have the following result of what we will define later as a connection on a prin-
cipal bundle. Similarly, the connection on a G-principal bundle P consists of local connection

1-forms

{A* € Q'(Ua, 9)}

satisfying the local gauge transformation law

A% =ad,,, AP — dgas - g(;ﬁl.

as well. Notice that ad Frqp, £/ = End E, the space of connections on a principal bundle is an
affine space modelled on Q(M,ad P).

Now we will give 3 equivalent definitions of a connection on a principal bundle P — M,
though we will not show the equivalence here.

The first way. A connection on P -+ M is a G-invariant decomposition
TP =TV"'P & n*T M,
where 7*T M is the pullback bundle of TM — M via P — M, namely 7*TM = {(p,e) € P x TM | 7(p)

Remark 4.1. Using the language of category theory, a pullback bundle is literally the pullback

of the diagram P — M < TM up to an isomorphism, i.e. the diagram

commutes for all Q.



We call TVe''P the verticle bundle. It is easy to see that Tl}’ertP = T, Pr(p), the tangent
space at p on the fiber Py, = 7~ !(7(p)). Notice that an infinitsimal action of g = Lie G of P
is defined as a Lie algebra homomorphism g — X(M) that we associate to £ € g a vertical

vector field

£(p) = [pexp(tf)] :; ) (pexp(t€)) .

Choosing a basis {&1, - - , &} of g, where k = dim g, we have that {&;,--- , &} is a global frame

of TVert P due to the freeness and transitiveness of the action. Therefore we find out that

TV""P~Pxg=:g

is a trivial bundle.

The direct sum decomposition is amount to say that the short exact sequence
0—TV"P — TP — m*TM — 0

is split. Hence there is a horizontal lifting & : TM — TP such that dn|,7(p) = 7*n(7(p)) as
well as G-invariant, i.e. (Ry).7(p) =7(p- g).

Remark 4.2. Not every exact sequence is split. A non-example is given as

mod m

0—2Z2%7 =8"7,— 0,

which is exact but not split.

The second way. To make the above short exact sequence split, we can take a G-
invariant 6 : TP — TV P as a connection such that 0(5) = ¢ for € being the vertical vector
field generated by £ € g. Since TV''P = P x g, we have § € Q'(P, g). By G-invariant we mean
that for any right translation R, : P — P : p — pg,g € G, we have R0 = ad,-10, i.e. the

diagram
T,P v, g
Rg*l %jo ladgl
TpyP g 9
commutes.

Locally, we can choose a section o, : U, — P. The local connection 1-form of 6 on U, is

defined as 0, = 070 € Q' (U,, g). Notice that on z € U,NUs we have that ,()-gas(z) = o5(z).

11



By calculation, letting v : (—€,€) = U, N U with v(0) = z,7'(0) = X, at o4(z) € P,

05X) = 0300) = 095X =0 S (0,60 =0 3 (o, (0)ausr(0)
~0(&]_ @O+ e@moon)

d
- 6 (Rgaﬁ*o.a*x + E

(%(ﬂf) exp (t ' Lg;;(x)*dgaﬁX»)

t=0

_ -1
= adg;ﬂl QaX + gaﬂdgaﬁX7

i.e.

93 = adg;é Qa + g(;ﬂldga@,

or,
Oo = ady,, 05 — dgas - gas
exactly the local gauge transformation law. All the 6,’s give rise to the third way of defining
a connection on a principal bundle.
To show the equivalence between the second and the third way of defining a connection, it is
sufficient to show that 6,’s can recover a global 1-form 6 € Q'(P, g) on P. Let 6% € QY(P|y., 9)

satisfy

0 (0an X +€) = 0,X +¢
as well as G-invariant

0“Rgy = R;Ga =ad,1 0"

We claim that 0% = 6° on Ply,nu,, then they will give rise to a global 1-form, namely there
will hold 0|,w,) = 6*. Suppose v(0) = = € U, NUs,~'(0) = X. Then following the above

calculation, we have

d
0°(03.X) = 0° <Rgaﬁ*aa*X + 3

o(x) exp(t - Lg;g(x)*dgaﬁ(x))
( )

t=0
=ad,—1 0u(X) + 9apdgas(X) = 05X.

Meanwhile, 0 (05, X) = 05(X). Our claim has been proved. It is obvious that 6, = o7, where

0 is defined as above.

Remark 4.3. The 1-form in coordination © = dg - g~ € QYG,g) is called the Mawer-
Cartan form. There holds @(5) = &, where € is a left invariant vector field generated by

£eg.

12



Given a connection on a principal G-bundle P over M {0* € Q'(U,, g)}. satisfying the
local gauge transformation law 6 = ad,,_, 0% — dgas - g;é as well as any associated bundle for a
linear representation p : G — GL(V'), we have an induced connection on P x, V', namely {Af =

dpe(0) € Q' (Ua,glV)}a, satisfying the local gauge transformation law A% = adp(gaB)Ag —

dp(gas) - p(gas) -

Example 4.4. We have a connection on a vector bundle
V:XM)xT'(M,E) - T'(M,E) < Q°(M,E)— Q'(M,E),
which naturally gives rise to connection on the frame bundle
V QUM FreLE) — Q°(M, FreLE))

since their local connection 1-forms both lies in QY (U, gl R¥), then we can get an induced
connection on

AL QO(M,.FT’GLE Xp V) — QI<M,.FTGLE Xp V)

Remark 4.5. We can induce connections on new bundles. Suppose that VEi are connections
on E;,1=1,2. We have

VEOE (g 59) = (VF s, VF2sy),
VOB (51 @ 55) = Vs ® 5y + 51 @ VF2s,.
We now define what the curvature of a given connection is.
Definition 4.6. The curvature of a connection V is defined by
Fo(X,Y) =[Vx,Vy] = Vixy,
for X,Y € X(M).

Proposition 4.7. Fy € Q*(M,End E), i.e. locally, F, := Fy|y, € Q*(Uy,gl, R) satisfying
Fy =ad,,, Fg on U, NUg.

Proof. Notice that [0;,0;] = 0. Suppose that V is given by connection 1-forms {A% =

13



m o A%dx$} satisfying local gauge transformation law. Hence on U,,

Fo(07,08) = Folu,(02,87) = [Vae, Vas] = [0 + A

177) 177)

o0 + A9

17 7)

= (0 + A7) (0F + AF)p — (97 + AF) (O] + AT)
8AQC aqa a o a Ao aA? aqa a o a Ao
= Gar TATON+ ATO} 4 ATAT 0 — AROS — A%OY — ATAS
0AY DAY
=3 T LAY AC
axi ax]a +[ 1) j}

We denote F,, := 3, Fiidz{daf € 0?(U,, gl R). To show the transition law we need another

expression of curvature:

Lemma 4.8. F, = dA* + A% A A%,

Proof. (dA®+A°AA)(02,0%) = (d(X; A%da®) + ¥, (AT A2)dad Adz2) (92, 0%) = S — 942 4

127 1) ox; 8$;?‘

[A2, A2] = F2. O

ij

Remark 4.9. This definition of curvature can be applied to any connections on a principal

G-bundle.

Since A* = ad,,, A” — dgas - g5, we have

F, =d (adgaB AP —dgas - g;é) + (ady,, AP —dgag - g;é) A (ady,, A? —dgas - g;é)
:gaﬁdAﬁgojﬁl + dgaﬁ NAP g;ﬁl + GapB * AP A dg;,bl’ - dgaﬁ N Gap - 9;52
+ady,, AP N AP — ady,, AP A dgags - 9;61 —adg,; dgas A AP ga_ﬁl + dgas A dgas - g;g

:gagdAﬁg;BI + adgaﬁ AB A\ Aﬂ = ad Fﬂ,

9apB

which completes the proof. O

14



5 Flat Connection, Parellel Transport, Holonomy
We can extend the connection from
V: QUM E)— QY(M,E)

to
V: QP(M,E) — Q"*Y(M, E)

by
Viws—dw®s+ (—1)’w A Vs

where w € QP(M),s € Q°(M, E).

Recall that in a trivial bundle with trivial(A = 0) connection (£ = M x R¥ — M,V =

d), we have a sequence
0 — QO(M,RF) -% QY(M,RF) -%5 .. -5 QF (M, RF) — 0.

It is called de Rham complex since d o d = 0. We also define de Rham cohomology by

Im(QP—1 (M, RF) -5 QP(M, R*))

H§R<M’ Rk) = d :
Ker(Q2(M, RF) —L5 Qr1(M, RF))

It is not true that in a not necessary trivial bundle the sequence
0 — Q°(M,RF) 5 QY(M,R*) 5 - 5 QF(M,R*) — 0.

is a complex; it depends on the curvature, i.e. whether V is flat. In fact we have

Proposition 5.1. F =V oV € Q*(M,End E).

Therefore, the above sequence is a complex iff I = 0. We now come to prove the proposition.

Proof. Under the trivialization Fly, = U, x RF wrt. {o?,--- 08}, we have
C*(Uy,R¥) — QY (U,, R¥) — (U, RY) — - -
(G
Y= | = (d+ A% R

15
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Hence,

VoV({af,--- ap )
=V({of,---of} @ (d+ A%
={of, + ,oR A" A (d+ A" + {of, -+ 0} @ (dA"™ — A A dy®)
={00, -+, 00} ® (dA™ + A* A A%)y”

:{U?"" 70_1?}®Fa¢a'

Problem. Does flat connection always exist?

No. But the flat connection, if exists, can be induced from the universal cover.

Remark 5.2. If there exists a flat connection, then all the Chern classes will vanish, since

Chern classes are defined by curvature.

We have another important property for the extended connection called Bianchi identity.

By calculation, locally,
dF* =d(dA“ 4+ A" N A?)
=dA* N A% — A N dA”
=(F* = A NAY)NAY — A N (F* — AN AY)
=F*NA% — A N F°
= - (4%, F),

where the Lie bracket in the last line is wedge product on differential forms, i.e. the so-called

super commutator. Therefore we have the Bianchi identity taking the form as
(d+ad A*)F* =0,

where ad A* = [A%, —].
Compare it with Q2(M,End E) — Q3(M, End E). Since

End F = ad Froy, B = Frou, E Xaa gl R

where

ad : GL(R, k) — GL(gl, R) : g = ad, = (A — gAg™"),



we have induced connection 1-form(check Section 5) on End E as
d|;ad(A%) = ad A®

where

ad: gl, R — gl(gl,R) : A—ad A=A, -]

Be careful to the subtle difference on their notation between the two adjoint representation.

We conclude that the Bianchi identity is amount to that
VEMER =0

Note that many books would simply say that VF' = 0, omitting the bundle that the connection
is with respect to, which is End F, rather than E.

Remark 5.3. There is another deduction of the local connection 1-form for End E. Choose a lo-
cal frame {sy,- -+ , sy} for E with its dual frame {t',--- [ t*}. Suppose VEs; = 3, Aks,, VEH =

>k Bitk The induced connection for E* is given by
0=d(s;,t/) = (VZsi,87) + (5, VZ'#7) = Al + B,
where (—, —) is pairing. Thus B} = —AJ Noting that End E = E @ E*, we have
vEer Z aé-si ® ¢!

1,J

=Y da ®@s; @t + a;(VEsZ-) @t +als; ® vE

,J

= Z(daé + ZCL?AZ — ZCLZA?) ®s; @t
i k k

=2 _(daj + (A-a); — (a- A)j) ® s @ ¥/

,J

=Y (d+adA)a) @s; .

ihj

We again derive that the local connection 1-form for End E is ad A, where A® is for E.

Next we come to the third equivalent(again we would not show it) definition of connection,
the parellel transport.
Given (F,V) over M and a smooth path ~ : [0,1] — M connecting zg, z; € M. With the

pullback bundle and the pullback connection (v*E,~v*V) via 7, the horizontal lifting of 4(t) is

17



a parellel transport, i.e. the solution s(t) of the 1st order differential equation
Vw)s(t) =0
s(0) € E,,

The uniqueness of the solution is due to the compactness of the manifold.

If v(0) = (1), i.e. 7 is a loop, we can define the holonomy map by holy(7) :

E,qy : 5(0) = s(1), or,
holy : Q. (M) — GL(E,,)

where €2, denotes the loop based at z.

Notice that holy (£2,,) has a group structure, i.e.

. hOlv(’y) o hOlv(’Y_l) = IdEz()?
e holy (71 *72) = holy(71) o holg(72).

Hence it give rise to the holonomy group #Hol,, (V) = Imholy < GL(E,,).

We have that
Theorem 5.4. If 'V is flat, then Hol,, is a homotopy invariant.

That is to say we have a holonomy representation for GL(E,,).

Oy (M) — 2, GL(E,,)
l Tholonomy representation

Qy, (M) /homotopy —— m1(M, o)

E

Y

o) —

18



6 Gauge Transformation, Gauge Group

An exercise. TBD.
Given a principal G-bundle P, the gauge group of P is defined by

P
P P
Aut(P) := X‘ / | ¥ is G-equivalent, i.e. ¥(p-g) =v(p)-g,Vp€ P,g € G
M

Given a gauge transform ¢ : P — P. For all p € P, we can write ¢)(p-g) =p-g-h(p-g)
as well as ¥(p-g) = ¥(p)-g = p- h(p) - g, which gives rise to a map h : P — G such that
h(p-g) =g~ hip)-g.

We claim that h is global section of

Px@G
(p,g) ~ (-9t ghg™")’

AdP =P X Ad G=
where Ad : G — GL(G) : g — (h +— ghg™).

Remark 6.1. Notice that a global section does not exist on a principal bundle unless the bundle

is trivial. However, such global section h does exist on the bundle Ad P; let h(p) = id.

Note that a global section of Ad P is given by {s, : Uy — G}, satisfying s, = Ad,,_, ss
on U, NUg. (This is because on U, N Ug with corresponding local section o0,,05, we have
[(08,58)] = [(0agap, s8)] = [(05,Ady,, 55)].) We set hy : Uy — G : 2 + h(oa(z)). Then for
z € UyNUg, we have hg(x) = h(oz(z)) = h(0a(2)gas(x)) = Adg;é(x) h(oa(x)) = Adg;é(x) ho(z),
which proves our claim.

To sum up, the gauge (transformation) group of P is given by
Gp =Aut(P)=T(M,Ad P)

={h:P—=G:hip-g)=g " h(p)- g}
={{ha : Uy = G}o : ho(z) = Ady,, hg on Uy N Ugs}.

Remark 6.2 (TBD.). The Lie algebra of Aut(P) is given by Q°(M,ad P).
Let gauge group act on the space of connection by
GpxAp — Ap : (h,A) — h- A.
Locally we have

gP = {{ha : Ua — G}a . ha(flf) = Adgaﬂ hﬁ on Ua N Uﬁ}
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as well as
Ap = {{As € V' (Ua, gy R) }o : Aq = ady,, Ag — dgags - go5 on Uy N Us}.
Therefore we can define h - A locally by
(h-A), :=ady, Ay — dhg - h* (*)

which is in Ap since
(h-A)o =adp, Ay — dhag - h;é

= Gashs9as (adg,s As = o - 9ap)9asls 9ag — AGashsgag) - (9oshsgas) ™

= 9aphsAshy' 9us — oshs9a3A90shs Jas — A90s - Gap — 9apdhs - B Gap + Gashsgasdgashs’ gas

= ady,;(adn, Ag — dhg - hy") = dgag - g

= ady,,(h- A)s — dgap - gap-

In the third line we have used the fact that d(g7!') = —g™ -dg- g7}, since 0 = d(g- g7 ') =
dg- g7t +g-d(g™).

Remark 6.3. Note that if G is a matriz Lie group, then dh, is nothing other than taking
differential on each entry. If it is an abstract Lie group, then dh, - h;' is the pullback of the
Mawer-Cartan 1-form on G, i.e. hi(dg-g™').

We also have a vector bundle version of gauge group. Given a vector bundle F, we define

E v E
Gr = Aut(F) = \ / | 1 is a linear isomorphism along each fiber.
M

Similarily as above we have that
Gr =T (M, FraumE xaa GL(K)).

We define the gauge group action on the space of connection by the commutative diagram

as below:

X(M) x I'(E) —— I'(E)

o] I

X(M) x T(E) —— T(E)

Ava'd



i.e.

VY =4 oVo (id xi) ™,

whose local expression also satisfies (&) since

(Aw)a = wa(Aozw(;l + dw;l)) = ¢aAa¢_1 - dwa :

where the notation is self-evident.

-1

o )
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7 Stablizer of Gauge Transformation, Hilbert Norm
Recall that a Lie group GG acts on a smooth manifold M is given by
GXM— M:(g,m)— g-m.
In other words, if we fix g € G, we will derive a diffeomorphism m +— g - m, i.e.
G — Diff(M)

is a Lie group homomorphism. The Lie algebra of Diff (M) is given by I'(T'M). The stablizer
of z € M is defined to be
G, ={9g€eG:g-z=2a} <G,

obviously a Lie subgroup of G. The Lie algebra of G, is therefore

g, = Lie(G,) ={¢€9:& =0} <g,

where 8 : g — D(TM) : £ (p— | (exp(t€) - p)). A free action means that Vo € M, G, =

t=0
{0}, while a trivial action means that Vo € M,G, = G. If the G-action is free, the quotient

space M /G is a smooth manifold. We have a Slice Theorem which claims that

Theorem 7.1 (Slice Theorem). T,M = T,(G - z) @& (Tu(G - x))", where the direct sum is

with respect to some metric.

Under the exponential map, an open ball in (T,(G - z))* becomes a slice.
Gauge theory can be stated as to study and solve certain PDE for a connection A up to

gauge equivalence, i.e. our aimed space is
A(P)/ G(P).

We now introduce the Hilbert norm. Let M™ be compact and oriented. For C*°(M,R),

we equip it a inner product as

(frg) 0 = /M 171lg] dVolas

where dVol, is a nonzero section on the determinant bundle det(T*M) = A"T*M — M. The

induced metric is hence

f = gllzz={f —9.f = 9)pe-



By completion, we derive the L?-complete space L2(M,R). We can define L?(M,R*) similarily.
Since Q°(M, E) is locally Q°(U,,R¥), we also have Q%.(M, E) being the L?-completion of
Q°(M, E) via local completions. Notice that Ad P = P x 24 G as well as that G — R for some
large enough N, we can also define Q%,(M, Ad P).

To define Q%, (M, E), we should first introduce Hodge star operator x : QF — Q"% defined

in basis by
*(dle VANEIVA dl’lk) = €i1,“'indxik+1 VANRIERIVA Liy s
1 ... n . ‘ '
where €;, ... ;, = sgn . For a, p € QF(M,R), the inner product is set to be
i g

(a, B) 2 = /M a N x[.

Hence by completion we derive Q’EQ(M ,R). For vector bundle, via the standard process of

taking a partition of unity {p,}, we define

(8 =3 [ pacli, A #Blu,

for o, 3 € QF(M, E). By completion again we get Q% (M, E).

The L?-norm can be extended to Li-norm, where we define
£ 1= [ 1F7 4+ VA2 4+ [V £ dVolyy < +oo.

By completion mutatis mutandis, we have L?(M,R) and moreover Q¥,(M, E). Recall that
k

Theorem 7.2 (Sobolev Embedding). If k —§ > 0, then there exists a continuous embedding

L — C°.

We have some results that
Theorem 7.3 ([Freed-Uhlenbecks). | Assume that k — % > 0.

1. Gr2(P) is a Hilbert Lie group with its Lie algebra Q0. (M,ad P).
k
2. Gr2(P)x Az (P) = Apz_ (P) is smooth, where Apz is an affine Hilbert space.

8. The curvature operator F': Arz (P) — Q%i (M,ad P) is smooth.
= =9

Here smooth is in the following sense. Suppose there exists a map f : M — N between two
Hilbert manifold M,N. IfD* f: T M x -+ x Ty M — Tt N is continuous, then we call f

is of C*-class. Therefore by smooth we mean that the map is of C*-class.
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For all £ € 09, (M, ad P) = Lie QLz(P), it generates a vector field on .AL% by
% -1

= | (owite)- 4)
Locally,
~ d
(gA)a = a (Adexp(éa) A% — deXp(tga) exp(—tfo‘)>
t=0
= - (d + [Aav _])§a>
i.e.

a=—Vy§Te

Later we will omit the superscript ad P for brevity. Recall that the stablizer is given by G4 =
{h € G(P) : h- A= A} and its Lie algebra by g4 = {£ € QOL%(M,adP) €4 =0} =KerV,.
Recall also that Qii (M,ad P) =Ts Arz_ (P). Therefore we have

T4(G-A)=ImVyu
and a G s-invariant slice given by

A4+ (ImVa)t = A+ Ker Vi,

k—1

where V% : Ql, (M,adP) — QOLi(Mv ad P) is the dual operator of V4 : QOLi(Mv ad P) —

QlLi,l (M,ad P) w.r.t. some inner products equipped on the two spaces.



8 Reducible & Irreducible Connection, Quotient Space
of Ay (P)/Gp(P)

Recall that the stablizer of a given connection A and its Lie algebra is given by
Ga={geG:9- A=A},
ga = {6 € Q°(M,ad P) : V& = 0}.
Consider the following examples.

Example 8.1. A trivial bundle M x G together with the trivial connection A = 0. Since
V& = d& = 0 implies that € is constant in Q°(M, g), we have that gg = @, then Gg = expgo = G,

the group of constant gauge transformations.

Example 8.2. A principal U(1)-bundle P. Since U(1) is abelian, we yield that ad P, Ad P are
trivial. Note that the Lie algebra of U(1) = {e'?} is iR. We have A = Ag + QY(M,iR),G =
C>®(M,U(1)),g = C*(M,iR), leading to g4 ={{ € g : d{ + [A,£] =d¢ =0} = iR as well as
Ga=expga = U(1) for any connection A.

Example 8.3. A principal SU(2)-bundle P, where SU(2) = {g € GL(2,C) : g*g = Irxo,det g =

oifas
Y

1} & S®. If all transition functions of P is taken value as gop =

, then the
e—ieaﬁ
associated rank 2 complex vector bundle can be reduced to a principal U(1)-bundle
Px,C*~LalL"

where py : G — Aut(C?) is the canonical representation.

«

If there is a connection taking the form as A = {A“ =

,a® € QYU,,iR) ¢,
—a
then ga = {€ : A€+ [A,&] = d€ =0} = iR as well as Ga = expga = U(1). Such connection

that is called reducible.
Note that Z, < G.
Definition 8.4. A connection A is called irreductble if G4 = Zo.

Let A" denote the set of all the irreducible connections. Since G /Z?* acts on A* freely,
A* /G is automatically a smooth Hilbert manifold, with tangent space at A given by Ker(V?* :
QY (M, ad P) — Q°(M,ad P)).

25



If A is irreducible, G4, = U(1), we have
Tay A =Ty, (G Ap) @ Ker (V).
Since T4, A is U(1)-invariant, the latter direct sum component can be decomposed as
Ker(V?%) = Hr & Hc,

where H is real Hilbert space. The local structure of A /G at a reducible connection [Ao] is
given by
Hr O(He /U(1)).

Gauge theory studies some elliptic PDE mostly from classical equation of motions. For

example,
e F4 =0 for flat connection from 2D /3D Yang-Mills Theory:;

e Yang-Mills function for 4D Yang-Mills Theory. Given a principal SU(2)-bundle P over
M*, the Yang-Mills functional is given by

YM: A R: A |Fal? = —/ Te(Fa A %Fy).
M
We would like to consider the critical points of such map

crit(YM) := {A | (?t

t=0
In fact, we have

crit(YM) = {A: V3, Fy = 0}.

(YM(A;)) = 0 for any family of connections passing through A} .
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9 3D Gauge Theory (Chern-Simons Theory)

Given a 3-dim closed Riemannian manifold Y3 with P — Y a G-bundle over it. We suppose
G = SO(3) or SU(2) for simplicity in the following context.

Proposition 9.1. Any SU(2)-principal bundle over Y is trivial.

Proof sketch. Firstly we applied Heegaard splitting Y = H, Ug, Hy, where H;’s are solid g-tori.
We can explain as follows: we choose a Morse-Smale function f and consider its critical points.
We choose a suitable k such that f~!(k) split the manifold into 2 components IT; := {z : f(z) <
k}, Iy == {z : f(x) > k} with II; only contains those critical point of index 0, 1 and IIy of
index 2, 3. Since f,—f are both Morse-Smale function, it is easy to know that the number of
critical points indexed 1 is equal to the number of those indexed 2, denoted by ¢. 11 is clearly
homeomorphic to a 3-ball with g solid handles(D' x D?) attached, as well as ITy.[DEN]

Then note that the bundle P, — H, P, — Hy are both trivializable. This is because
H;’s are both solid g-tori, which can be decomposed into hemispheres and solid pants that are
all contractible, with contractible boundaries of disks.

Lastly, since all mappings ¢ : ¥, — SU(2) are null-homotopic, as well as the homeomor-
phism class of the bundle P, U, P, is only dependent on homotopic class of g (lemma 1.4.6 of
[Al]), the proof is complete. O

Therefore ad P, Ad P are all trivial.
Let A(P) be the space of SU(2)-connection on Y x SU(2) and G(P) the completion of the
gauge group L;(Y,SU(2)). To make L — C°, we let k — % > 0. Since n = 3, we take k = 2.

The quotient of the space of connections by gauge transformation has a decomposition
B(P) = A(P)/G(P) = {[0]} U B! (P) U B"(P),

where 6 is the trivial connection, B*(P) the space of irreducible connections, which is a co-dim
smooth Hilbert manifold. B(P) is Hausdorff([1]).

We define Chern-Simons function as
CS: A(P) =0+ Q' (Y,s5u(2)) - R: A CS(A),

by abusing the notation, we assume A € Q!(Y,s5u(2)). There are two fashions of definitions,

one is
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1

2
CS(A) == @/yTr(AAdAJrgAAA/\A);

and the other is

« via the “relative” 2nd Chern class of a principal SU(2)-bundle over a 4-manifold X with
boundary Y.

Firstly we suppose X* = @. The 2nd Chern class is ¢2(Px) = [g3 Tr(Fa A Fu)] €
H*(X,Z), where A is a SU(2)-connection on Px. The 2nd Chern class is then

1
CQI/)(@TT(FA/\FA>EZ

Next we suppose 0X* = Y3, therefore 9Py = Py. Note that Py is trivial, we can always

choose a connection A on Py such that A| p, = A. We can define
CS(A) = / Te(Fy A Fy) (mod Z)
X

which is independent of the choice of A, since we can choose two manifold-with-boundary
X1, X5 such that 0X; = 90X, = Y, and then combine them into a close manifold X =
X1 Uy X, as well as the connections on both bundle into one connection via the indentity
glueing function. From the first case we know that 2nd Chern number of every close
manifold is an integer, comparing to the fact that the difference [y Tr(Fy, A Fy,) —
Ix, Tr(Fa, A F,) gives rise to a 2nd Chern number of a close manifold, we derive that
CS(—) is determined up to an integer.

We have

Proposition 9.2. 1. The two definition above are equivalence.

2. For each gauge transform g € Aut(Py) = L3(Y,SU(2)), we have

CS(g- A) — CS(A) € Z

Proof. The first statement is came from Stokes’s formula and calculations. The second is due

to that
1 “13.\3 _ .3
CS(g- 4) = CS(A) = 5 /Y Tr(g~'dg)® = deg(g : Y* — SU(2)) € Z,
since deg g = [y ¢*© and (0] = [5; (97 'dg)?] € H*(SU(2),Z) = Z, where the isomorphism is

due to dimension of Y, under which isomorphism [O] — 1. O
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So far we have known that

B=A/G S R/Z
Recall that in Morse theory [M, S|, for a Morse function f, we have
x(M)= > (="
z€(Vf)=1(0)
where y is Euler’s number. And if f further satisfies Smale’s condition, we have a chain complex

0L = @ )

x critical point
graded by the index of critical points and a boundary operator
0: () — S ngy (y)
ind z=ind y+1
where ng, = #(5; N S;/R) is the counting number of the intersection of the stable and the
unstable manifold modulo the time. So far we have defined a homology theory H,.(M, f) which

is surprisingly not dependent on the choice of f. Moreover we can find out that

Note that we have derived some topological information and have recovered the homology
group from a Morse-Smale function. We may wonder

Question. Can we do something similar for the Chern-Simons function on B?

Yes. But with some conditions.

Firstly we need to study what the critical points are.

Proposition 9.3. (V CS)71(0) consists of flat connections.

The gradient is with respect to the L?-inner product of T4 A = Q1. (Y, su(2)). Namely (n;, n2) =

— Jy Tr(my A *ma).

Proof. For every A € (VCS)7'(0), choose a smooth path A + ¢t on A through A for all
n € QY(Y,su(2)). At critical point we have

d d

0= | (st = Gl <817T2/YTr ((A+tn)/\d(A+tn)+g(AHn)B»))

t=0

1
:—/ Tr(n ANdA+AANdn+2n AN AN A)
82 Jy

= 1/YTT(77/\FA)

42
1
) (n,*Fy) .
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where the third line is due to Stokes’ Formula. Therefore we have
1 1
O]

Remark 9.4. Hence we know that V CS(A) = — x F4 is a section of tangent bundle T'A.
If we take irreducible connections modulo gauge transform, we derive a section [A,— *x Fj4]
of tangent bundle T B* — B*. B* is a smooth Hilbert manifold. T B* is a subbundle of
A" xgpQ (X, su(2)), since we have

Tia B = Ker(d} : Q'(X,s5u(2)) — Q°(X, su(2)))

from d%(xFa) = — xdy % (xF4) = — xdaF4 = 0, where the last equality is Bianchi’s identity.
We call B* > (V CS)~1(0) the moduli space of flat connections.

Theorem 9.5 (Taubes). For any homological 3-sphere Y, i.e. H,(Y;Z) =
with relative index defined on (V CS)™1(0) given by

ind(A;, As) := Fredholm index of 0; + Hess(CS)(A4;),
for non-trivial Ay, As, then

# of irreducible flat connection on P =Y x SU(2) modulo gauge transform = 2-Casson invariant of Y.

Remark 9.6. The homological 3-sphere force the reducible connections to disappear, i.e. (V CS)~1(0) =
{0} U{[A] : Fa =0, A : irreducible}.

The anologue of Morse homology is Floer instanton homology of (Y, P) where Y is homo-
logical 3-sphere.
Summary. So far for a homological 3-sphere, we have recovered the classical casson

invariants. We can also define other invariants via holonomy over some knot.



10 2D Yang-Mills Theory

2

5> where the base space

We consider the principal bundle over a Riemannian surface P — ¥
is topologically a #,7?% and is with a complex structure J. Recall that by complex struc-
ture we mean an automorphism on 732, such that J? = —idpy, i.e. in local coordinates
J(0;) = 0y, J(0,) = —0,. T is itself a complex bundle since R? = C. We have an eigenspace
decomposition for the complexification space TS @r C = T ¢ T%13, whose generators are
0., 0z, respectively, where z = x + iy, since J(0,) =10,, J(03) = —i0:.

There is also a complex structure on the space of connections A(P); the Hodge star oper-
ator on X gives rise to the complex structure we need, namely * : Q'(X,ad P) — Q'(Z,ad P)

satisfying #*> = id and in coordinate *dz = dy,*dy = —dz. Note also that T A(P) =
A(P) x Qi% (3,ad P) is a Hilbert bundle. Therefore we derive

Lemma 10.1. T A(P) is a complex Hilbert bundle.

Remark 10.2. An element £ € QY(3,ad P) can be expressed locally on an open set U as
E=20 6T for & € QYU) and {T°} is the basis of ad P.

Remark 10.3. We also have T A@zrC =T AT A.

Atiyah and Bott proved the following results in [ABS2].
Theorem 10.4. 1. A(P) has a symplectic structure and a compatible complex structure

JA:*.

2. The gauge group G(P) action on A(P) is Hamiltonion with moment map p : A(P) —
(Lie G(P))* under the identification (LieG(P) = Q°(X,ad P))* = Q(X, ad P) given by
w(A) = Fa € Q*(X,ad P). The identification is given by n(§) = (n,£) = — [5 Tr(E A n)
for £ € Q°(X,ad P),n € Q*(%,ad P).

3. If 0 € Q*(3,ad P) is a regular value of the moment map, then symplectic reduction

p=1(0)/ G(P) is symplectic at smooth points(irreducible connections).

Proof. 1. We define
wag(&1,&2) = —/ETI"(& N&2),

where the trace operator should be recognized as the Killing form if not on a matrix Lie

group, and are going to show that it is a 2-form compatible with J4 and then a symplectic
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form. Locally we have that & = &fdz + €/dy,i = 1,2 where £7,&7 : U — su(2) = R3.
Therefore wap(&1,&2) = — [ Tr(&7&8 — &1€5)da A dy = —wap(&1, &2), deriving that wap is

a 2-form.

Recall that by compatible we mean that (1) wap(Ja—, Ja—) = wap(—, —); and that (2)
wap(—, J4—) is positively definitive. The former statement is obvious. The latter is
none other than checking that wap (&1, Ja&e) = — [ Tr(& A &) = (&1, &) is exactly the
L2-inner product on Ty A = QlL% (3,ad P).

The last thing is to show that w is closed, i.e. dw(—,—,—) =0.
G(P) acts on A preserving wap. Let G(P) > ¢ : TAA — Tha A = QY(X,adP)

8| A = S| (640 —do - ¢7h) = Ady(€), we derive wap(¢-&1, 6+6) = wan (&1, &)

2. Hamilton action is amount to say that each ¢ € LieG(P) = QY(X,ad P) generates a
vector field on A, i.e. €4 = d4€ is a Hamiltonion vector field. That is, we need to check

D|a(— [s Tr(Fy AE))(n) = was(—de&,n) for £ € T4 A= QY X, ad P) as follows:

y ([~ Te(Faim )
=— /ETr(dAn AE)

= [ Trln A dsg)

= — [ Tr((=dag) Am)

:WAB(gAa 77)-

d

dt

]

We denote as fmgat(P) the moduli space of flat connections on a bundle P over a Riemann sur-
face 3. For a principal SU(2)-bundle, we have dim 9 (P) = 6g—6 = (29—2) -3, where 29 —2
is the negetive of Euler’s characteristic of ¥ and 3 is the dimension of SU(2). Other than via A-S

h ¥,),G
index theorem, the calculation can be done directly. Note that ML (L x G) = om(m (%), &)

~

where ~ denotes the G-conjugate action. Since m1(X,) = {a1,--- ,a4,b1,- - , by : [Ti_;[ai, b)) =
1}, each generator can represent an element on the 3-dim group. The conjugate action is also
of 3 dim. Therefore the dimension of moduli space is given by 3(2g — 1) — 3 = 6g — 6.

Suppose A is flat. We have an exact sequence

S0 — QS ad P) 24 QY(S,ad P) -4 QX(T,ad P) — 0.

32



Since 0 = %‘t:() (Fy,) = dan for Ay = A+ tn a family of flat connections, we have at a smooth
point [A],

Tig Mt = {n|dsn = 0,dan =0} = H'(S),

which is a 1st order nonlinear elliptic PDEs. If the connection is irreducible, then H vanishes.
If further Q' — Q2 is surjective, then H? vanishes as well. We can determined the dimension
of moduli space by applying Atiyah-Singer or Riemann-Roch to S.

Cohomological field theory.

Symplectic vortex equation. Suppose we have a principal G-bundle P — ¥ with con-
nection A as well as a symplectic G-manifold (X,w, Jx). We can define the associated bundle

P x¢ X — ¥ with a section s on it. The symplectic vortex equation is given by

D478 = 0(J-holomorphic section)
#nFa = p(s)

leading to the Hamiltonion Gromov-Witten invariant.
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11 4D Gauge Theory (ASD Yang-Mills Theory)

Let P — X* be a principal SU(2)-bundle over a closed smooth Riemannian manifold X. Note
that ¢;(P) = [5= Tr Fy] = 0 since locally we have F* € Q(U,,su(2)) and su(2) = {£: 7 + & =
0,Tré = 0}. We denote the instanton number by k = (c2(P), [X]) = 55 [x Tr(Fa A Fa)
where [X] is the fundamental class of X.

Notice that (*|q2)? = Id, we have the eigenspace decomposition
Q2(X,ad P) = Q% (X,ad P) & Q* (X, ad P)

corresponding to eigenvalue 1, —1, respectively. There we have a self-dual and anti-self-dual

decomposition
Fyr=Ff+F;
where
FE = Fy :i; * I 4
Hence,

YM(A) = —/XTr((F;+F;)A(F; _Fy)) = —/XTK(R—{AE;DJr /XTr(F;/\F;),

1
k= 7/ (Te(F§ A FD) + Te(Fp A FY)).
812 Jx
Case 1. If F{ =0, i.e. Fy is anti-self-dual, there holds YM(A) = 872k > 0.

Case 2. If F;; =0 and k < 0, there holds YM(A) = —87%k.

Definition 11.1. A critical point of YM on A(P) is called a Yang-Mills connection.

Proposition 11.2. Yang-Mills connections contain those A satisfied Vi Fy = —%V 4% F4 = 0.

Proof. For all £ € Ty A= Q' (X,ad P), we have Fy e = Fa + tV A€ + t2¢ A €. Therefore,

d d
d *
= a <<FA+t§7FA+t§>L2> :2<VA§7FA> :2<€7VAFA>;
=0
leading to V¥ F4 = 0. -

Remark 11.3. V4 F4 =0 is a 2nd order nonlinear PDE for A.



Since it holds the bianchi identity that V 4F4 = 0, connections with (anti-)self-dual cur-
vature are automatically Yang-Mills connections.

Assume the instanton number k£ > 0 and note that
YM(4) = [ (Fif?+ | Fxl?) dVols,
X

8n2k = /X(—yF;yQ +|F;]?) dVoly .

It is easy to find out that YM(A) > 872k, the equality holds iff ' = 0. We conclude that

YM(—) achieves the absolute minimum at anti-self-dual Yang-Mills connections.
Remark 11.4. Ff =0 is Ist order PDE for A.

We then consider the moduli space of anti-self-dual Yang-Mills connections with instanton

number £, namely

m.= | {A€AP)|FI=0}/G(P)

Prk=(c2(P),[X])
Firstly we introduce the Deformation complex, a.k.a. Atiyah-Hitchin-Singer complex, at an

anti-self-dual connection A:
0 — Q°(X,ad P) 24 Q1(X,ad P) 254 Q2(X, ad P) — 0.

Since F'f = P, oV, 0V 4 =0, the above mappings indeed give rise to a complex.

Assume that 9 is smooth at [A], which requires A to be irreducible(i.e. G4 = Zy <~
HY = Ker(da : Q°(X,ad P) — Q'(X,ad P)) = Osince LieG(P) = Q°(X,ad P)).
Theorem 11.5. For a generic metric g on X (a Baire set in the space of all metrics),
H3 =0 < PyoVyu: QYX,adP) — Q% (X,ad P) is surjective. Therefore, M(P) is

smooth at any irreducible anti-self-dual Yang-Mills connection.

Essentially this is a co-dimensional implicit function theorem.

Theorem 11.6. 1. Let C be (the conformal class of) all Riemannian metric on X.
E=|] 9%, (X adP) = A(P) xC
(4,9)

FT:AP)xC—=E:(Ag)— F/.

Then, DF*|(ag) : Tag(AxC) = QF (X,ad P) is surjective. (F7)7'(0) is a smooth

manifold.
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2. For a generic metric g, My, is smooth and of dimension given by

dim H} = dim Ker(P, o V)

=8 (ca(P), [X]) — 3(1 — by (X) + bF (X)),

where by (X) = dim H'(X;R), b3 (X) = dim H2(X; R).
b3 (X) = 0 iff the self intersection form Qx : Hy(X;Z) x Hy(X;Z) — Z is negetively defi-
nite.
Theorem 11.7 (Donaldson). Let X be simply-connected with by = 0. Let k = 1, for a
generic metric, My is 5-dim smooth manifold away from finitely many points py,--- , P,

where by = by(X) = by (X). Moreover,
1. The neighbourhood of p; is a cone over CP2.
2. M is orientable.
3. (Taubes) There exists a diffeomorphism (0,e] x X < M.

4. My =M, U{0} x X, leading to that X is cobordant to #,,CP?, and the self intersection
—1
form Qx ~

—1

ngbQ
Corollary 11.8. If Qx is negatively/positively definite, then Qx is diagnalizable. Therefore

0 1
+2Fs has no smooth manifold realization. Q, = —2FEs & 3 leads to that R* has an
1 0

exotic C*®-structure.

Fact 11.9. M} is non-empty.

To show this fact, we are to write down an ASD connection on R* or S*. First we identify

S* with HP! = [%12\\{{00}} = 8322) since SU(2) = {q¢ € H : ||q||> = 1}. Therefore we have a non-

abelian Hopf fibration SU(2) © S” — S*. Note that S* is a one-point compactification of R%.
Since a point’s difference does not affect the connection, we only need to define a connection
on R*.

We define
_ Im(zdz)

A= QYR su(2
e € (R su(2)

36



where su(2) = Im(H). By calculation

dx A dz
Fy=dA+ANA= ——
. (1+[af?)2
is anti-self-dual and
1
52 Jpa 1Pl =1

where we use the fact that (dz A dz) A *(dz A dZ) = 48 dVolga.

We then move the connection to a manifold. Note that when x — oo, A — 0. Note also
that every 4-dim manifold can be write as X* = X*#S* Therefore we can define a connection
by first choosing a fibration on S* with the connection defined above, and then composing it

with trivial bundle with trivial connection over X.
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12 Recent Works(WIP)

The moduli space 91, has several compactifications. One of them given by Taubes and Bohui
Chen is called Bubble Tree Compactification, which made Eﬁth a smooth orbitfold. The orbitfold
Euler characteristic class is an invariant, and one conjecture stated that it is equal to the Vafa-
Witten invariant.

Donaldson’s invariant. We have a map
w: Hy(X;Z) — H*(BY),

Vir d
/ /\ #(2;) = Donaldson’s invariant.

By i3

Dimension reduction of ASD connections. Let X = Y3 x R with a trivial bundle P =
X x SU(2) over it. Since A(P) = 6 + Q'(X,s5u(2)), letting A € Q'(X,s5u(2)), we have A =
A(t) + Ao(t)dt, where A(t) € QY(X,s5u(2)), Ao(t) € Q°(X,su(2)). Choose a gauge transform
g:Y xR — SU(2) such that

W g0) = At

to eliminate Ag(t)d¢ in A, which is called in temporal gauge.

Fy =dy e A(t) + A(t) A A(t)

=dy A(t) + A(t) N A(t) + dt A a,;it)
_ 0A(t)

where F( is the curvature of A(t) as a connection on Y x SU(2).

OA(t
*q FA = (*3FA(t))/\dt—*3 ai )
OA(t
=—Fy = _FA(t) +81E ) A dt,
deriving that
OA(t
*3FA(t) = ai)

Recall that
V CS(A) = — #3 Fla,

we can summary that the ASD Yang-Mills equation on P — Y x R in temporal gauge is

the downward gradient flow equation of the Chern-Simons equation on A(Py — Y). The
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term dimension reduction means that if A(t) is constant in ¢, we have that Fy = 0 is a flat
connection, reducing to 3D Chern-Simons theory.

Floer applied the idea of Witten’s interpretation of Morse theory to develope the instanton
homology theory for any integer homology 3-sphere(where all flat connection is either irreducible
or trivial) which is Zg-graded and denoted by HFYM(Y).

For more genera case, Fukaya for all admissible SO(3)—bundle P over any 3-manifold YV

with Stiefel-Whitney class ws(P) # 0.

Remark 12.1. If wy(P) = 0, then P = Psy(a)/Za. We have a lifting to SU(2) Gag of gap such

that
SU(2)

g
af3 J{Z2 .

Howewver, g, does not satisfy the cocycle condition. In fact we have
99y = EaprYay
where g4y 1 Uy N U3 N U, — Zy. We call e, the Cech representation of wy(P).

We illuminate the idea of Fukaya-Floer homology. We have a complex

b  z
(a) €M 100 (Py)
with a boundary mapping

0 : {a) = %:naﬁ {8),

where n,5 = #(M(a, B)/R) where the superscript means the 0-dim components.
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